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Where does aggregate risk come from?

Models of aggregate activity with risk typically start from the premise
that aggregate production is subject to stochastic influences or produc-
tivity shocks. Firms and individuals optimize relative to this uncertainty,
markets clear, and the resulting equilibrium paths usually display cyclical
propertics (Kydland and Prescott 1982).

These models are able to produce equilibrium paths that mimic the
qualitative properties of observed aggregates with varying degrees of suc-
cess. Nevertheless, they have been criticized, often vociferously. Method-
ologically, they appear to be assuming the results: the exogenous aggregate
shocks are usually endowed with rather elaborate process properties;
allocations and prices, at equilibrium, inherit these properties and, not
surprisingly, display the path properties of the shocks themselves. More
important, these models rely on aggregate or at least heavily correlated
individual risks: it is hard to point to examples of any empirical relevance
that describe persistent stochastic influences on the aggregate economy,
much less to justify their sophisticated path properties.

This criticism can be understood, more generally, as posing the follow-
ing question: Is it compatible with competitive equilibrium that endoge-
nously determined aggregates (prices and allocations) display more risk
than the primitive structure of the economy (the endowments and prefer-
ences of individuals and the technologies of firms)? For example, suppose
that individual endowments vary stochastically; and that this variation is
appropriately small and independent across individuals in the sense that
per capita endowments are essentially constant according to a law of large
numbers. Then an optimal competitive allocation obeys a law of large
numbers as well, so that endogenous aggregates do not display more risk
than the primitives (Malinvaud 1972, 1973).

In economies that extend over infinite time, this is no longer true: at a
competitive equilibrium, endogenous aggregates can vary more than the
primitive structure. The most striking examples are periodic cycles, even
chaos (Benhabib and Day 1982, Grandmont 1985) and sunspot equilibria
(Azariades 1981, Azariades and Guesnerie 1987), which show that even a
nonrandom economy can posscss equilibrium paths that display appar-
ently random properties. Nevertheless, such an economy possesses time-
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invariant equilibrium paths or steady states, so the question is answered
only in part.

An alternative approach focuses on the role of the asset structure in
achieving the relative constancy of equilibrium aggregates. When the asset
structure is incomplete (possibly because of the demographic structure),
sunspot equilibria may exist. This is the case even in an economy with
a finite time horizon (Cass and Shell 1983). Possibly more in tune with
macroeconomic models, consider an economy in which an optimal alloca-
tion is time-invariant or independently and identically distributed in time;
this allocation is achieved at a competitive equilibrium if individuals have
access to a perfect capital market. Nevertheless, a competitive equilibrium
displays risk and cyclical persistence if individuals face borrowing con-
straints (Scheinkman and Weiss 1986) or, more generally, if the asset mar-
ket is incomplete (Dutta and Polemarchakis 1990). Furthermore, all equi-
librium paths display more risk than the primitives. The weakness of this
argument is that it does not stand up in an economy of large numbers.
Suppose that individual risks are small enough for a law of large numbers
to operate; as the size of the economy increases, the equilibrium with an
incomplete asset market converges to a time-invariant or an identically
and independently distributed inefficient allocation.

Here, we provide an alternative argument for the aggregation of small
risks that is immune to a law of large numbers. The risk of endogenous
aggregates increases with the size of the economy.

Consider an economy in which production is carried out in many small
firms. Productivity in each firm is random; suppose, even, that this ran-
domness is independently and identically distributed. Obviously, this could
be an ideal situation for a law of large numbers to operate, which would
ensure that, as the number of firms increased, prices and allocations would
converge to those achievable by a nonstochastic limit economy. This is
indeed true, provided that enough decisiors are taken ex ante, before the
realization of uncertainty. On the contrary, if investment can be reallo-
cated across firms ex post, after the realization of the productivity shocks,
or if firms can anticipate their productivities, in a large economy, a com-
petitive equilibrium preserves and even magnifies risk in the aggregate.

Technically, our argument relies on a very simple observation. A law of
large numbers holds with respect to averages; in particular, for a sequence
of independent realizations of a random variable, a weighted average con-
verges to a constant, the expectation, with probability 1, whenever the
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maximal weight converges to 0. If investment is allocated before the real-
ization of uncertainty, aggregate output depends on a weighted average of
productivity shocks which obeys a law of large numbers. If investment can
be reallocated ex post, aggregate production depends asymmetrically on
individual shocks, assigning much greater weight on their maximal value.
The preservation of risks in the aggregate results from the fact that the
extremal values of an identically and independently distributed sequence
do not converge with probability 1.

The critical factor in our analysis is the timing of investment decisions
relative to the realization of the productivity shocks. When is it likely
that the allocation of investment is contingent on the realization of pro-
ductivities? We may think of this in two ways: either that capital is shiftable
and some part of it is retraded once productivity is observed: or that firms
receive information and act as if their investment decisions are made ex
post. Suppose, first, that capital is shiftable. At any point in time, firms hold
capital that includes investment made in the preceding period. The state of
nature realizes; at each such state, firms differ in their productivities. Some
amount of capital, for example the most recent investment, can be retraded
upon the observation of productivities. Unlucky firms prefer to sell their
machinery to lucky ones, since this is more profitable than producing. As a
result, the firm with the maximal realization produces a large proportion of
aggregate output; at the limit, if all capital is shiftable, only the luckiest
firms produces at all, up to diminishing returns to scale. Aggregate produc-
tion reflects this asymmetry, and preserves risk precisely because of it. The
equilibrium that realizes is exactly as if investment were fully contingent on
foreknowledge of the state of nature. A more direct argument that yields
the same equilibrium paths is based on information. Suppose that each
firm can anticipate its own productivity. This is a first approximation to a
world in which management receives enough information about the pro-
duction possibilities of the firm to affect investment decisions. Of course,
anticipation need not be perfect; the qualitative results survive in a world
of imperfect anticipation as well (Donaldson and Dutta 1989).

This argument is not specific to a particular model. We illustrate the
properties of equilibrium paths in an overlapping-generations economy
with production and a sequentially complete asset market, which allows
for explicit characterizations. We begin by showing that a large-numbers
property holds as long as investment decisions by individual firms are
made ex ante. Next, that the argument fails when investment decisions are
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made ex post. An explicit example demonstrates that aggregate variability
increases as the size of the economy (the number of firms) increases: output
is serially correlated, and the real rate of interest varies countercyclically.

1 The Economy
Time,
t=...,—101,...,

extends from the indefinite past to the indefinite future.

Each period, an individual is born and lives for two periods. Individuals
are identical aside from for the calendar time of their birth. An individual is
endowed with one unit of labor when young, and none when old. There is
one consumption-investment good each period. The cardinal utility func-
tion of the individual born at ¢,

UG, Cly) = UIC) + pU(CL,,), p>0

is smooth, strictly monotonically increasing and strictly concave. Obvi-
ously, the one unit of labor is supplied inelastically each period.

The single good is produced each period by a large number of firms,
n=1...,N,
which have the same technology to use capital, k, and labor, I, to produce
output, x, Firms are subject to similar, but not identical, stochastic varia-
tions of productivity each period. The production technology of a typical
firm, invariant over time, is

Xno = en.tkl‘v.ll_u’:.n O<a<l.

Productivity, 8, varies stochastically across firms and over time. At each
time period, the realization of uncertainty is described by the vector

On=0(..,0,,...)

The good can be either consumed or invested. Investment, x, by a firm
transforms costlessly into capital the next period. Capital depreciates by a
factor d each period. The accumulation of capital in each firm is described
by

k,._' = ‘l = 6)kn.l—l + Z,,_,. 0 < 6 < 1.
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ASSUMPTION 1 The vectors of productivities 6, y are strictly positive, and
they are independently, identically distributed according to a nondegener-
ate probability distribution.

This is an assumption about the variation of the entire vector of pro-
ductivities across time, which specifies that the economy has a stationary
and memoryless structure. Differences in information structure lead to the
preservation of randomness, and induce persistence, even in an economy
that allows for a law of large numbers and a limiting steady state. Obvi-
ously, persistence would be more easily derived in an economy in which
the exogenous characteristics were assumed to possess it.

The nondegeneracy of the distribution limits the cross-sectional correla-
tion structure; there cannot be exact linear relations between the produc-
tivities of different firms at each point in time. Of course, this is trivially
satisfied if productivities are independent across firms as well as across
time.

ASSUMPTION 2 At each t, the productivities 6, , are positive, and they are
identically distributed according to the probability distribution P.

This ensures that the firms in this economy have access to identical tech-
nologies, identical up to the realization of the productivity shocks. With
constant returns to scale. renaming “firms™ appropriately always achieves
this. That the marginal distributions be the same imposes no restrictions
on their dependence; productivity may be correlated across firms.

Spot markets for labor open after the realization of productivites each
period; and also, after the determination of the capital employed by each
firm. The output is numeraire. Firms, which maximize profits, buy labor at
wage w, which clears the labor market.

A firm employs labor

’... = g/ abg:'/,u—nw'—mx—nk“_
The output of the firm is

Xpo = ac/(l-c)oll!'(l~alw‘-:ftl—a)k' o
and its profit is

R(Ky 1 W0, 0) = (1 — 2)x, = (1 — @)a I ~DgM1-aprali-ay






