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Observability
of an individual’s excess demand function for assets and commodities
as all prices
and revenue vary suffices in order to recover his von Neumann-Morgenstern
utility function.
This is generically the case, even when the asset market is incomplete
and the cardinal utility
indices state dependent, as long as there are at least two commodities
traded in spot markets at
each state of nature. On the contrary, if the response of individuals’ excess demand for assets as
prices in spot commodity
markets vary is not observable,
recoverability
fails when the asset
market is incomplete. In particular,
it is not possible to contradict
the claim that the competitive
allocation
is fully optimal in spite of the incompleteness
of the asset market. This provides a
characterization
of the efftcacy of intervention
in an economy with an incomplete asset market
based on the information
available to a planner from the observable behavior of individuals.

1. Introduction

A criterion of optimality should not employ knowledge of the characteristics of individuals that cannot be recovered from their observable behavior.
When the asset market is complete, competitive equilibria are fully optimal
[Arrow (1951, 1953); Debreu (1951)]: no variation in the distribution of
assets or commodities can improve on a competitive allocation. Thus, an
argument against intervention can be made no matter how much information
a central planner possesses. And this is fortunate, since observability of
individuals’ excess demand functions suffices in order to recover their
preferences when the asset market is complete [Mas-Cole11 (1977)].
When the asset market is incomplete, competitive equilibria are typically
constrained suboptimal [Geanakoplos and Polemarchakis (1986)]: there exist
improving variations in the distribution of assets; variations, that is, which
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improve on the equilibrium allocation of every individual, after prices and
quantities in the commodity spot markets adjust to maintain market
clearing.
Constrained suboptimality indicates that the market fails to make optimal
use of the available assets.’ However, this claim ignores the possibly
restricted information about individuals’ characteristics under which the
planner would operate. The preference characteristics of individuals are
unobservable. What is observable, at least in principle, is the excess demand
behavior of individuals. And when the asset market is incomplete, it is not
obvious that excess demand behavior identifies preferences unambiguously.
In this paper we consider whether the information about the characteristics of individuals that can be recovered from their observable excess demand
behavior suffices in order to improve on a competitive allocation.
We show first that if a central planner can observe excess demands for
assets as well as commodities as all prices and revenue vary, he can recover
information sufficient to determine improving interventions. This is so
generically, provided there are at least two commodities traded in each
community spot market; it is essential that the planner be able to observe the
response in individuals’ excess demand for assets and commodities as prices
in commodity spot markets vary. Our method of proof extends a long
tradition
in the literature on the recoverability
of von NeumannMorgenstern preferences from demand functions. In this literature, counterexamples were constructed [McLennan (1979)], and restrictive conditions
were introduced to guarantee recoverability [Dybvig and Polemarchakis
(1981); Green, Lau and Polemarchakis (1979)], in particular, state-dependent
cardinal utility indices were excluded. We show here that these earlier results
depended crucially on the implicit assumption that only one commodity was
available at each date-event and hence spot markets were degenerate.
On the contrary, it is evident that if a central planner can observe only
individuals’ excess demands for assets and commodities at the market
clearing prices, in the absence of additional information about the characteristics of individuals, he will find it impossible to determine interventions that
are sure to improve all individuals’ welfare; this is so no matter how
extensive the planner’s power to intervene. We show that the same conclusion holds if the planner can observe the response of individuals’ excess
demands for assets to variations in asset prices and revenue while future
commodity spot prices are held fixed at their equilibrium levels; also, the
response of individuals’ excess demands for commodities while spot commodity prices and revenue vary while asset prices are held fixed. What is
unobservable is the response of individuals’ excess demands for assets as spot
‘Hart (1975) lirst constructed
an example.
Newbury
definition of constrained
optimality
which was formalized
(1986).
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commodity prices vary. If markets clear sequentially, then indeed a planner
cannot have access to more information even if he can observe the
adjustment process leading to equilibrium. And then, the information
available to him is compatible with the claim that the equilibrium allocation
is fully optimal in spite of the incompleteness of the asset market. Thus,
unlike the argument against intervention when the asset market is complete,
an argument here can be based on the limited information afforded to a
central planner by the observable demand behavior of individuals in an
incomplete asset market.
2. The economy
Exchange occurs over two periods. The resolution of uncertainty in the
second period is described by states of nature s =O, 1,. . . , S.
Commodities 1= 0 , 1, . . . , L are traded in spot markets in the second period
after the resolution of uncertainty. For simplicity we suppose that there is no
consumption in the first period when assets are traded. A commodity bundle
in state s is x,=( . . . . x,,~,... ); a commodity bundle is x=( . . . . x, ,... ).
Assets a=0 , 1, . . .,A are traded in the first period and pay off in the
second. Asset payoffs are denominated in commodity 0. The payoff of asset a
in state s is I,.,. The vector of payoffs of asset a is r,,=( . . . ) I,,,, . . .) a column
vector; the vector of asset payoffs in state s is rs=(. . . ,rs,., . . .), a row vector.
The matrix of asset payoffs or asset structure is R = (. . . , r,,, . . .). A portfolio is
y=(. ..,y, )... ).
An individual is characterized by his initial endowment e =(. . . , e,, . . .), a
commodity bundle; and by his von Neumann-Morgenstern
utility function2

defined on the consumption set of non-negative commodity bundles: x 20;
the domain of the cardinal utility index u, is the consumption set of
non-negative commodity bundles in state s: x, 2 0.
We make the following assumptions concerning the asset structure:
A.l.

The matrix of asset payoffs, R, has full column rank.

A.2.

There

are at least two assets: (A+ 1) 2 2, and

two commodities:

(L+ l)L2.

*It does

not affect the argument
w=

to restrict

the utility function

to the form

s: n,u;
S=O

that is, with objective probabilities
and a state-independent
cardinal utility index. However,
argument makes essential use of the additive separability
of the objective function.

our
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A.3.

There exists a portfolio jj such that Rj>O.

A.4.

At each state s, some asset has non-zero payoff: r, # 0.

Concerning
assumptions:
A.5,

the

individual’s

characteristics

we

make

the

following

The initial endowment is strictly positive: e>>O.

A.6. At each state s, the cardinal utility index u, is a continuous, strictly
monotonically increasing and strictly concave function which takes values on
the extended real line. Everywhere on the interior of its domain, u, is twice
continuously differentiable, Du,>>O and D2a, is negative definite. Along any
sequence of strictly positive commodity bundles, (x:: n = 1,. . .) converging to
a bundle X, on the boundary of the consumption set,

Assumption A.1 eliminates redundant assets that do not affect the
argument; A.2 allows for trade in the asset and commodity spot markets and
is essential for our argument; A.3 is a non-trivial restriction on the asset
structure; evidently, it guarantees a direction of preference over portfolios for
all objective functions that are monotonically increasing in consumption; A.4
guarantees that all states are accessible through the asset market; with
individual objective functions separable across states; inaccessible states can
be handled separately without affecting the argument. Note that assumptions
A.3 and A.4 are together weaker than the alternative assumption that there
exists a riskless portfolio: a portfolio J such that Rj>>O or, after appropriate
normalization of the price level at each state, Rj=( 1,. . . , 1)‘. Assumptions A.5
and A.6 are strong but standard.
1. Our construction allows for consumption in the first period as a
special case. It suffices to interpret consumption in state s=O as consumption
in the first period and to suppose that some asset, say a=O, pays off 1 at
S. Note that assumption A.3 is then immediately
s=O and 0 at s=l,...,
satisfied.

Remark

The asset structure is complete if the matrix of asset payoffs has full row
rank as well; equivalently, if and only if (A+ 1) =(S + 1). If (A + 1) <(S + l),
the asset structure is incomplete.
An economy is a finite collection of heterogeneous individuals, together
with an asset structure.
An allocation of commodities is an array of commodity bundles, one for

J.D. Geanakoplos and H.M. Polemarchakis, Observability and optimality

157

each individual, such that the commodity bundle of each individual lies in
his consumption set while their sum, the aggregate commodity bundle, does
not exceed the aggregate endowment.
An allocation of assets is an array of portfolios, one for each individual,
whose sum is equal to 0.
The asset structure and the utility functions of individuals are held fixed.
An economy can thus be characterized as an array of initial endowments,
one for each individual. The space of economies is a finite dimensional
manifold. We say that a property holds generically if it holds for a generic set
of economies: an open set of full Lebesgue measure.
An allocation fails to be optimal if and only if there exists another
allocation that dominates it: it yields at least as high a value for the objective
function of each individual and strictly higher for some. We use at times the
term fully optimal to draw the distinction between this standard notion of
optimality and the notion of constrained optimality which we define below.
Commodity prices in state s, that is, spot commodity prices, are

Commodity prices are
Asset prices are

such that q’=x’R

p = ( . ..Y p S?... ).

for some rc=( . . . . rc,,... )>>O.

Remark 2. Asset prices q do not allow for arbitrage if and only if q’y>O
whenever Ry >O. The domain of asset prices that do not allow for arbitrage
consists of asset prices of the form q’ = x’R for some rc> 0; its interior consists
of asset prices of the form q’=n’R for some n>>O. Note that rc is, up to
normalization, the measure with respect to which asset prices satisfy the
martingale property. Also, from assumption A.3 the requirement that q’=dR
for some rc> 0 does rule out some q: for example, for n >O, -7 #dR, while
for 7~~0, OfdR.

Let prices be (q,p) and suppose that, in addition to his initial endowment
at each state s in the second period, an individual receives in the first period
exogenous revenue t. The individual expresses excess demand y for assets and
z=( . . . , zs, . . .) for commodities by solving the following constrained optimization problem:
max fV(e+z)=

i u,(e,+z,)
s=o
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s.t. pl~~=~~,er~y,
q’y= t.

for each s,
(1)

Suppose that for some portfolio y, pie, + p,, ,r, y > 0 for each s, while q’y = t.
On a neighborhood of (q,p, t), a solution to the optimization problem (1)
exists and is unique. The excess demand function (y, z) =(y, .. . , zs, . . .) is
continuously differentiable; z >>-e.
For simplicity, when t = 0, we write ( y, z)(q, p, 0) = ( y, z)(q, p).
Competitive equilibrium prices are such that the aggregate excess demand
is equal to 0.
Associated with competitive equilibrium prices, there is a unique allocation
of commodities; also of assets.
A competitive equilibrium exists [Geanakoplos and Polemarchakis (1986)J.
For fixed revenue t, in state s, the individual expresses excess demand for
commodities [, by solving the following constrained optimization problem:

maxu,k + i,)
s.t.

p;rs= t,.

(2-S)

Suppose p:e,+ t,>O. On a neighborhood
of (p,, t,) a solution to the
optimization problem (2-s) exists and is unique. The excess demand function
c, is continuously differentiable; c>> -e,.
We refer to the excess demand function 4’, as the excess demand function
in the spot commodity market in state s.
Remark 3. If the excess demand function for assets and commodities (y,z) is
observable, so is the demand function i, in the spot commodity market in
each state s. The argument is as follows: Given (p,, t,), choose y such that
t,=p,,~,y;
this is possible, since by assumption A.4 r,#O. Then choose p,,,
for s’ fs, q, and t such that y = y(q, p, t); this is possible simply from the
concavity of the utility function W. It follows that &J,, t,) = z,(q, p, t).

An allocation of revenue in state s is an array of revenues, one for each
individual, whose sum is equal to 0.
An allocation of assets determines an allocation of revenue in each state.
Competitive equilibrium commodity prices relative to a fixed allocation of
assets are commodity prices such that in each state the aggregate excess
demand for commodities at the fixed allocation of revenue is equal to 0.
Associated with competitive equilibrium prices relative to a fixed allocation
of assets there is a unique allocation of commodities.
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A competitive equilibrium is fully optimal if and only if the associated
allocation of commodities is fully optimal.
A competitive equilibrium is constrained suboptimal if and only if there
exists an allocation of assets and a competitive equilibrium relative to this
allocation such that the associated allocation of commodities dominates the
competitive equilibrium allocation.
When the asset market is complete, all competitive equilibria are fully
optimal.
When the asset market is incomplete, under regularity assumptions,
typically, all competitive
equilibria of an economy
are constrained
suboptimal. Furthermore,
a dominating commodity allocation can be
found in any neighborhood of the competitive allocation [Geanakoplos and
Polemarchakis (1986)].
3. Observability

and indeterminacy

We first suppose that the excess demand function of the individual is
observable; in particular, that it is possible to observe the response in the
individual’s excess demand for assets and commodities as commodity prices
vary.
Proposition

1.

Suppose

that at fixed prices and revenue (q, p, t) it is possible to

observe the following:
(i)

the excess demand for assets and commodities (y,z) = (y,z)(q, p, t);

(ii)

the first derivatives of the excess demand function with respect to asset
and commodity prices and income:
%bPJ)(Y,4(4,

P, 0 =(D,(Y~zHq9 P, t), qY?z)(q>

P, t), Q(Y,Z)(%

P, tN.

Suppose further that in each state s, the excess demand function in the spot
market satisfies the following conditions at (p,, t,) = (p,, ps, ,r, y):

commodity

(iii) the vectors [,(p,, tJ and D,[,(p,,

t,) are linearly independent;

(iv) (D, y(q, p, t) + D, y(q, P, t)Y’)r, Z 0.

It is then possible to recover the first and second derivatives of the
objective function at x=z+e,
DW(x) and D* W(x), up to a positive scalar
multiple.
Proof
First note that, following Remark 3, since the excess demand for
assets and commodities (y,z)(q,p, t) and its first derivatives D~4,p,1j(y, z)(q,p, t)
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are observable,

so are the excess demand c,(p,,t,) and its derivatives
spot market in each state s.
To develop the argument for recoverability, we introduce two auxiliary
steps:

D cp,,fsj[s(ps, t,) in the commodity

Step 1. The solution of the individual optimization problem (2-s) at commodity prices and revenue (p,,tJ in the spot commodity market in state s is
characterized by the following first-order conditions:

(3-s)

where AS> 0 is the Lagrange multiplier associated with the budget constraints
in the spot commodity market in state s.
For
(4-s)
it follows from applying the implicit function theorem to eqs. (3-s) that
Dp,is(~s, ts) = &K - vsi:,

D,&(P,,

t,) = -us.

(5-s)

2. The solution to the optimization problem (1) of the individual at
prices and revenue (q,p, t) is characterized by the following first-order
conditions:
Step

q’y = t,

(6)

where A>O is the Lagrange multiplier associated with the budget constraint
in the asset market. Evidently, for each state s, t,=p,g,y(q,p,
t), z,(q, p, t) =
[,(p,, t,), and I,(p,, t,) is the Lagrange multiplier obtained form the first-order
condition (3-s). Note that atJay = rsa, hence ay,/ay, = (aA,/dt,)r,, = - a,r,,.
For
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(7)

it follows that

while
D,Y(%

P, t) =

x - UY’,
(9)

D, Y(% P, t) = u;
evidently the vector u, and the scalar a, are obtained
state s.

from (4-s) for each

We can now complete the argument for recoverability:
Let A be an arbitrary positive scalar; without loss of generality, let A= 1.
From the observability of y and the first derivatives D,y and D,y in (9), we
can recover the matrix of substitution effects K and the vector of income
effects u in the asset market.
From the observability of the first derivatives D,,[, in (5-s), we can recover
Us*

From the observability of c, and the first derivatives D,,y in (8-s), we can
recover the marginal utility of revenue, I, and its first derivative tl, for each
state s: This is possible because of conditions (iii) and (iv):

Kr, = (D, y(q,P, 4 + 4 y(q,P, Wrs + 0,
while the vectors u, = Dt,is(ps, t,) and [,(p,, t,) are linearly independent.
Substituting A, into the first-order condition (3-s) we obtain the first
derivatives of the cardinal utility function at xs=z, + e,, DuJxJ, for each
state s.
Finally, substituting 1, and CC,into the first derivatives of the demand
function in the commodity spot market (5-s) and (4-s) we obtain the second
derivatives of the cardinal utility function at x,, D’uJx,), for each state s.
Since DW(x) =(. . . , Du,(x,), . . .), while D’W(x) =diag(. . . ,D2us(xs), . . .), this
completes the argument for recoverability.
That recoverability is obtained up to a positive scalar multiple, i.e., up to a
positive linear transformation follows from A= 1.
0
Remark

4. It is easy to show that conditions (iii) and (iv) hold generically as
long as at least two commodities are traded in spot markets: (L + 1) 22.
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Furthermore, by continuity, if they are satisfied at a point, they are satisfied
at a neighborhood of the point. Thus, the infinitesimal recoverability result of
proposition 1 extends immediately to local recoverability.
Remark 5 Condition (iii) fails when a single commodity is traded in spot
markets: (L+ 1) = 1. This is the case that was treated in the earlier literature
on recoverability
It follows from proposition 1 that knowledge of the excess demand
functions of individuals for assets and commodities and of their first
derivatives with respect to asset as well as commodity prices and revenue at
the competitive equilibrium prices suffices in order to determine improving
variations in the distribution of assets.
Next, we suppose that what is observable at prices and revenue (4, p, t) is
the excess demand of the individual for assets and commodities and
contemporaneous first derivatives: the first derivatives of the excess demand
for assets with respect to asset prices and revenue while commodity prices
are held fixed; also the first derivatives of spot commodity demands with
respect to spot commodity prices. What is unobservable is the first derivatives of asset demands with respect to future spot commodity prices.
The following proposition 2 makes clear that the observability of contemporaneous derivatives does not allow for the recoverability of marginal
utilities even up to a scalar multiple.
Proposition 2. Consider the individual with initial endowment e and objective
function W =gzO u,; his excess demand function for assets and commodities is
(Y, 4
At fixed asset and commodity prices and revenue (q,p, t), let x=
(. . . ,xS,. . .)>>O be a strictly positive vector and I>0 a positive scalar such
that

It is possible to attribute to the individual an objective function l%‘=
&3 fi,, such that his excess demand function for asset and commodities
(AZ,) satisfies the following conditions at (q,p, t):
P, t)

=(y, z)(q, P>t);

(9

(9,4(q,

(ii)

D,,, t)Y((4,PYt) = DC4.1)
Y(% P>t);
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(iii)
(iv)

rS)= D~P..f.Js(~s~ t,L
Dl?,(e, + 2,) = &p,, for all s.
&.,t,i~(~s,

where

t, =ps,orsyy
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for all s;

Proof:
First observe that as long as Du,(e,+z,) =xsps for each s while
xfZo Xsr, = xq, ( y, 2) =( y, z); this follows from the first-order necessary and
sufficient condition for individual optimization in the commodity spot
market in each S, (3-s), as well as in the asset market, (6).
Hence, it suffices to construct the cardinal utility index G, for each s such
that (ii) though (iv) are satisfied.
Without loss of generality we may suppose that X=2. It then follows from
(7) and (9) that Dt4,tiy = D,,, fijj if and only if ES= ~1,for each s; evidently, $ is
derived from D2ii,(e,+z,)
as in (4-s). From (4-s) it also follows that
CI,= - u:D2u,(e, + z,)u, while d, = - v:D2iiS(eS+ Z&J,.
From the individual’s optimization problem in state s, we can obtain the
expenditure function m,. For commodity bundles in the interior of the
consumption set in state s, consider the functionf, defined by

fs(x,) = m,(~,(x,);P,).
Recall that the expenditure function m,(u,; p,) is convex in u,.
The function f, is twice continuously differentiable and strictly monotonically increasing. Let x,=e,+z,.
From the definition of the expenditure
function m, it also follows as an identity that v:DjS(xS)= 1, while
v6D2f,(x,)u,=0. Also, at x, the function f, is locally concave: Let kx:+
(1 -k)x:‘=x,,OSk5
1; then
f,( kx; + (1 - k)x:‘) =fJx,)

= psx, = kp,x: + (1 - k)p,x:Z kfs(x;)

+(I -k)fs(x3

It follows that D2fS is negative semi-definite at x,.
Consider the function 4, defined by

on the interior of the consumption
choose. Clearly

set in state s; k, is a scalar that we shall

which is a scalar multiple of Du,(%,). Thus, in any region in which r$, is
monotonically increasing it is a monotonically increasing transformation of
U S.

At x, = e, + zS,Du,ms = l/A,; thus
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k

W,(x,) = Du,(x,)+ _s
Wx,).
4
It follows that

W,(x,) = m4xs)
for
k,=(&

l)&.

It is also clear that u~D’~,(x,)u,= u~D~u,(x,)u,. Letting W=C~=O c$,, we
have thus verified (ii) through (iv); it only remains to check that 4, is
globally concave and monotonic.
By a straightforward computation,

D24,(4 = D2W,)+ kD2L(x,)
=

D2u,(xs)+

$D2u,(x,)+ k,D,2ms(us; p,)Du,(x,)Du,(x,)‘.
s

If k,<O, D’#,(x,) is negative definite since D$m,>O
in us, while (1 + k,/A.,) = &>O. If k,>O, the negative
follows from the concavity off, at x,.
It is then straightforward to modify the function
hood of (x,) into a cardinal utility index t7, that is
concave. This does not alter (i)-(iv).
0

from the convexity of m,
definiteness of D2~,(x,)
c$, outside a neighborglobally monotonic and

Let (q*,p*)
be competitive equilibrium prices. Suppose that it is only
possible to observe each individual’s excess demands for assets and commodities at the equilibrium prices and only contemporaneous first derivatives:
the first derivatives of the excess demand for assets with respect to asset
prices and revenue, while commodity prices are held fixed at their equilibrium levels; also, the first derivatives of the excess demand for commodities
with respect to spot commodity prices and revenue, while asset prices are
held fixed at their equilibrium levels. It follows from proposition 2 that it is
possible to attribute characteristics to individuals such that their observable
behavior is unchanged while the gradients of their objective functions at
equilibrium are colinear; equivalently, it cannot be ruled out that the
competitive equilibrium allocation is fully optimal.
4. Conclusion
The criterion

of optimality

appropriate

to a particular

market structure

J.D. Geanakoplos and H.M. Polemarchakis, Observability and optimality

165

should take into account the constraints under which the market operates.
When the asset market is incomplete, constrained optimality does indeed
restrict attention to the available assets and does not allow for instruments
that the market does not have at its disposal. It ignores, however, informational constraints: With a restricted set of assets, the observable demand
behavior of individuals need not suffice for a central planner to recover their
unobservable characteristics - their preferences and endowments.
In this paper we considered whether the observable demand behavior of
individuals suffices in order to determine improving interventions in the asset
market.
We distinguished two cases. In the first, a central planner could observe
the response in individuals’ excess demands for assets and commodities as all
prices varied; in particular, as relative prices in spot commodity markets
varied. We showed that as long as at least two commodities were traded in
each spot commodity market, it was possible for the planner to recover the
von Neumann-Morgenstern
objective functions of individuals and thus
determine improving interventions. In the second case, the planner could not
observe the response of individuals’ excess demands for assets as commodity
prices varied. We showed that based on this restricted information, a central
planner could not contradict the claim that, in spite of the market
incompleteness, a competitive allocation was fully optimal; in particular, he
could not determine improving interventions.
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