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1. INTRODUCTION

It is the starting point of non-Walrasian equilibrium theory that agents
perceive constraints on the amount they can transact in the various markets.
This formulation follows naturally from the observation that, away from a
Walrasian equilibrium price system, agents’ Walrasian—notional—excess
demands are incompatible, and hence, if economic activity is to occur, some
agents must be rationed out of their desired level of transaction. The
assumption of rationality of individual behavior then implies that agents will
express excess demand for the various commodities taking into consideration
the prevailing rationing mechanism.

The question I take up in this paper concerns the restrictions that are
imposed on individual behavior under quantity constraints by the assumption
of rationality:' Consider an agent who expresses constrained—effective—
excess demand so as to maximize a monotone, strictly quasi-concave
preference pre-order, subject to binding quantity constraints in a subset K of
the system of markets, as well as a budget constraint. The constrained excess
demand vector x* is a function of the price vector p, and the vector of
quantity constraints s, x*(p, s). Furthermore, the vector x* can be decom-
posed into a vector xX,, of the constrained excess demand for goods in the
markets for which the agent is not constrained (K’ is the subset comple-
mentary to K) and a vector xX of the constrained excess demand for goods
in the markets for which the agent is indeed constrained. The function
xX(p, s) is trivial, it is the projection x¥(p, s) =s. What needs to be charac-
terized is the constrained excess demand function in the unconstrained
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markets—x.(p, s). In particular, one can raise the question whether an
arbitrary function can be generated as the constrained excess demand
function, in the unconstrained markets, of a rational agent. If the problem is
approached in an “infinitesimal” framework, the question of characterization
of the function x%.(p,s) is reduced to a characterization of the Jacobian
matrices D,xy.(p, s) and D xx.(p, s). The characterization of D,x5.(p, s) is
an immediate extension of the characterization of the Jacobian of a notional
excess demand function through the decomposition into a substitution matrix
and a matrix of income effects. The matrix D xk.(p, s) on the other hand,
has no counterpart in Walrasian theory. It is usually referred to as the spill-
over matrix and captures the change in the excess demand of an agent as the
quantity constraints change. I shall demonstrate that no restrictions (other
than adding up, of course) can be imposed on the spill-over matrix;* as long
as one wants to consider the entire class of monotone strictly quasi-concave
preference pre-orders, the spill-over matrix must remain arbitrary.’

It is a widely accepted—even if little understood—generalization that the
immediate impact of fluctuations in supply and demand is reflected in
quantity, rather than price, adjustments. As a consequence, qualitative
analysis of short-run dynamics, as well as short-run policy recommendations
depend on the properties of the spill-over matrix.* Furthermore, restrictions
on the spill-over coefficients are necessary for the estimation of multimarket
disequilibrium models.” In this framework, it is rather unpleasant that
consumer theory fails to provide the required structure. It is an open problem
to determine plausible restrictions on individual characteristics that yield the
desired behavior under quantity constraints. These restrictions must involve
statements concerning the nature of the dependence of the marginal utility of
goods h, h € K’, on the level of consumption of goods 4’, ' € K. In other
words, they must characterize the off-diagonal elements of the Hessian
matrix of the utility function. It is the fact that concavity imposes no
restrictions on the off-diagonal elements that leads to the results derived in
the present paper.

Remark. That rationality imposes no restrictions on the spill-over matrix
for a particular state of the markets (i.e., a particular K and s) does not, of
course, imply that the spill-over matrices corresponding to different states of
the markets can be independently specified. Similarly, the indeterminacy of

2 Observe that this result does not depend on aggregation. It is in the case of notional excess
demands that aggregation leads to arbitrary behavior—see Geanakoplos and Polemarchakis
(1977) and Mantel (1977) for surveys of this problem.

3 This result does not affect the argument in Laroque (1976, 1978) or Wiesmeth (1977).
That the aggregate spill-over matrix has generically fully rank is clearly compatible with the
result derived here.

* See Malinvaud (1977).

* See Ito (1978).
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the spill-over matrix for the definition of effective demand adopted here does
not imply that alternative formulations (e.g., Benassy (1975), Clower (1965),
Laroque (1976, 1978), Malinvaud (1977)) display indeterminacy as well.

2. CONSTRAINED CONSUMER EXCESS DEMAND FUNCTIONS

Consider an economy with (I + 1) commodities indexed by A, A =0, 1,..., L.
A consumer is characterized by a consumption set X, a convex subset of
#'*1, a strictly quasi-concave utility function u defined on X, and a vector
of initial endowments w in X. A price system is a vector p in Q?’j L In
addition to the price system, a trader perceives for each commodity 4, other
than O, quantitative constraints, z, >0, z, <0, that set upper and lower
bounds on the amount of commodity 4 he can trade. It is clear that the
consumer must take the quantity constraints into account in expressing his
(effective) excess demand; yet, no general agreement has been reached on the
price formulation of the consumer’s decision problem. In particular, it is not
clear whether a trader does (or should) take into consideration the
constraints he faces in the market for good k when expressing his excess
demand for k. I shall follow here the formulation suggested by Dréze.® A
trader (X, u, w) expresses excess demand x by solving the problem

Max u(w+u)

XEX —{w)
s.t. p'x =0,

2, <X, <% h=1,.,1"

He is said to be constrained on market k if there exists a consumption
bundle (w+ x’) in X satisfying p’x’ =0 and the quantitative constraint
z, < x, <z, for all h different from O and k, which provides a higher utility
than x. If xj > z, the trader is said to be constrained in the demand for k; if
X} < z,, he is said to be constrained in the supply of k. Let K be the set of
markets on which the trader is constrained, and let s € #'X! be the vector of
quantity constraints—for & € K, s, is equal to z, or z, depending on whether
the trader is constrained in the demand or the supply, respectively, of
commodity h. The constrained excess demand x is then the vector in
X — {w} which maximizes u(x + w) subject to the budget constraint p‘x =0
and the quantity constraints x,=s, for A € K. Observe that I am now
writing the quantity constraints with equality. This allows the constrained

¢ See Dréze (1975).
" For an alternative formulation see Benassy (1975) and Clower (1965).
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excess demand function x¥(p,s) to be differentiable with respect to the
vector of constraints, s. On the other hand, x*(p, s) is not necessarily defined
for an arbitrary s; furthermore, maximization under the constraint |x,| <|s,|
is not necessarily equivalent to maximization under the constraint x, =s,.}
These problems need not be explicity dealt with here, however, since I shall
only be interested at the infinitesimal characterization of the constrained
excess demand function.

I shall make the following assumptions concerning the consumer’s charac-
teristics:

ASSUMPTION 1. X =#'*1

ASSUMPTION 2. The utility function u is a twice continuously differen-
tiable and strictly quasi concave function from X to #. At all x € X,
Du(x) > 0, the matrix D*u(x) is negative definite on the orthogonal
complement of Du(x), [Du(x)]%, and the closure of the indifference hyper-
surface through x is contained in X.

Remark. Since D?u(x) is negative definite on [Du(x)]", for any K’ <
{0, 1,..., I} the matrix D2, u(x) is negative definite on [Dy u(x)]" and the
matrix [,Pk%), Px¥™) ] if of full rank.

In the discussion that follows I hold the consumption set fixed and, conse-
quently, I refer to a trader as an ordered pair (u, w).

Consider the decision problem of an agent (x, w) who perceives quantity
constraints in the markets for commodities indexed by A, for h€E K. K is a
subset of index set {l,..I}, and K’ is the set {0, 1,..,/}/K. Let
P=(Dy» P1res D)) € #'H1 denote the price vector and s = (s, | A € K) denote
the vector of quantity constraints faced by the agent. The agent then solves
the problem

Max u(x+ w)

xeX—({w)
s.t. X, =S5, h€EK, 1)
p'x=0.

By Assumption 2, given p > 0 and s such that (w, +s,) >0 for all hEK
and p'(y —w) <0 for some y € #'}' with y,=(s,+w,) for hEK, a
solution to (1) exists and is unique. Furthermore, by the Kuhn-Tucker
theorem, x* solves (1) if and only if there exist real numbers A*, uf, h € K
such that

& See Laroque ((1976, pp. 10-12)) for a discussion.
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D,u(x* + w)—A*p, =0, heEK',
Dyu(x* + w)—A*p, +uf =0, hEK, )
XF =5, hEK,
pix*=0.
Totally differentiating the system of equations (2) we get
Du  —p em*! e+l dx* " A*dp
—p' 0 0 e 0 dr* (dp)'x*
(eh1+l)t 0 0 0 dﬂ,’fl = dshl , 3
(e"=xthy 0 0o - 0 duis dsy .

where {h,,.... h 5} = K in the natural order, and e is the ith unit vector in
2"+ 1 Without loss of generality we may assume that K = |k, ..., [} for some
k € {1,..., I}. Furthermore, letting

Dy, Dy, ,
D — [DKK DKK] and pz[PK]
KK’ KK

we can rewrite (3) as

D2, u Digu —pg O || dxg A*dpy.
Dixu Dixu  —px 1 axg _ A* dpy 31
oY sk 0 0| (dp)'x* |
0 I 0 O du* ds

It is easy to see, by elementary row and column operations, that the matrix

Dixt Dgxu —pgx O
Dixu Digu —px 1
Py —Px 0 0
0 I 0 0

A=

is similar to the matrix

Dyt —Px: O
B=| —pk 0 o
0 0 I
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Consequently, the matrix 4 is invertible if and only if the matrix B is inver-
tible. Furthermore, the matrix B is invertible if and only if the matrix

c— [Prx =Pk
2 U

if of full rank. But, from (2), A*py,=Dy.u. Since, by Assumption 2),
Du > 0 everywhere on %!, A* > 0, and hence,

2
det[C] = (AL*) det[D],
where

D Diyu Dyu .
Dy.u 0

But, by definition, det[D] is the Gaussian curvature of the hypersurface
through (w+ x*) of the restriction of u to the coordinate subspace
T(K,w,s)={y € Z"| yy=wy+s, for all h€K}. By Assumption (2)
then, the matrix D has non-zero determinant, and hence is invertible, which
implies the invertibility of the matrix 4.° ‘

Consider now the solution to (1) as a function of p and s, x*(p, s). It is a
well-defined and continuous function from S(K,w) to #'+1 where
S(K,w) = {(p,s) € #'' X X' |(w, +s,) >0 for h€K, and
p'(y—w)<0 for some yeﬁ’:‘ with y,=(s,+w,) for hEK}
Furthermore, the invertibility of the matrix 4 and the continuous dependence
of the inverse on (p, s) are sufficient to guarantee that the constrained excess
demand function is continuously differentiable. We have demonstrated the
following:*°

PROPOSITION 1. Under Assumptions (1) and (2) the constrained excess
demand function xX(p, s): S(K, w)—» Z'*! is continuously differentiable.

Remark. The function x*(p, s) is, of course, homogeneous of degree 0 in
D

Remark. The functions A*(p,s) and ux(p,s), h €K, are, similarly,
continuously differentiable; they are homogeneous of degree (—1) in p.

The discussion has, up to this point, been limited to the formulation of the
agent’s constrained maximization problem and the demonstration of the fact

® Given a matrix 4 with rows i = 1,..., [, and columns j = 1,..., ], and subsets K, < {1,.., [;},
K, © {1, I}, Ay, k, denotes the obvious submatrix. Similarly, given a vector y = (Pyseees V1)
and K < {1,..., [}, y, denotes the obvious vector in .Z'¥.

'%This is, of course, an immediate extension of the argument in Debreu (1972).
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that the regularity properties imposed on individuals preferences by
Assumption (2) are sufficient to guarantee the differentiability of the
constrained excess demand function x®(p, s). The question follows whether
the regularity assumptions have any further qualitative implications
concerning the agent’s response to a change either in prices or in the quantity
constraints it perceives.

The Jacobian of the function x*(p,s) is determined by the matrix 4~
Since the matrix A4 is symmetric, 4 ~! is symmetric as well, and hence with
no loss of generality we may write

Skx: Sxx  —Ux Ry
(Skx)  Skx  —Uk  Rg
(—vx) (—vg)' by  —Dk .
(RK’)t (RK)t _bK BK

Since the prouct A4 ~' = I, the identity matrix, the following conditions must
be satisfied:

(@) Sxx=0;Sk=0.

(b) vg=0.

©) PxASxx)=(Sxx)Px =0.
@) pxvg =1

(e) Ry=1

(f) Pk Ry =—pk.

Furthermore, the following argument shows that the matrix Sy, is
negative semi-definite and has rank (|K’|—1). Since A 'A=1I,
(D} g u)(Sgx) + Px vy =1. Let y be any non-zero eigenvector of Sy
and suppose (Sg.x)y =uy, for some u # 0. Observe that y is in the span of
the columns of Sgx.,[Sgxx]-and hence ypg,=0. Consequently,
V'[(DL . u)(Sk k)] ¥ =y, and hence wy'(D% . u)y = y'y. Since the matrix
D’y is negative definite on the orthogonal complement of Du, the matrix
D2 .. u is negative definite on the orthogonal complement of Dy u, [Dy u]"
But, from (2), [Dg.u] = [px.], and, since y’p,. =0, y € [Dy.,]" As a result,
V(D% u)y <0, and, since p'y >0, the eigenvalue u of Sy, must be
negative. It remains to show that rank (Sy..)=(K’| — 1). But this follows
from the fact that pL . Sg =0, while for all y€&|[pg]S
V' [(D%xw)(Sxx)]y ="y and y'(D%.u)#0. Finally, since the matrix
Sy 18 negative semi-definite, has rank (| K'|—1) and satisfies
Dy (Sgx) =0 with pt,#0, S is negative definite when restricted to the
complement of | pg,]. We have thus demonstrated the following:
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PROPOSITION 2. Let x%(p, s) be the constrained excess demand function
of an agent (u, w) satisfying Assumptions (1) and (2). Then everywhere on
S(K,w), p'x*(p,s)=0, xk(p,s)=s, and the following conditions are
satisfied:

(1) D, xk =ASxx—vx(xK)s the matrix Sgy. is symmetric,
negative semi-definite of rank (|K'|—1) and satisfies py.Sgyx =
Sk Pk =0; the scalar A is strictly positive; the vector vy, satisfies
Divg =13 ’

(2) D, xg=0; D,,Kxﬁ,: —v. Xy D, Xk =03

(3) D.xX,=R,.; the matrix Ry, satisfies pi Ry, = —pi;

@) Dak=1.

Remark. Homogeneity of degree zero with respect to p of the function
x*(p, s) holds, if dp = ap, & > 0 and ds = 0 imply dx* = 0. But, since dx%, =
ASgx dpx — Vg (xX)'dp + R.ds  while dxf=ds, and furthermore
Sy Px=0 and (x*)’p =0, this is indeed the case.

Remark. Observe that the only restriction claimed on the spill-over
matrix Ry, is the condition p% Ry, = —pj. This restriction of course only
says that the consumer stays on the budget hyperplane; it is equivalent to
3 hex Pu(0xk//0s,) +p, =0, for all h € K.

Proposition 2 establishes a set of necessary conditions for the function
x*(p, s) to be the constrained excess demand function of a rational agent.
The question I want to take up now is whether the set of restrictions imposed
by Proposition 2 is not only necessary but also sufficient for rationality. It is
clear that since conditions (1) to (4) of Proposition 2 refer only to the
Jacobian of constrained excess demand function, the strongest result that can
be hoped for is that they are sufficient for the function x*(p,s) to be
infinitesimally the constrained excess demand function of a rational agent.
The following argument shows that this is indeed the case.

Suppose we are given a vector ¥ in #'*!, a vector § in #'¥!, a vector §
in #'*', a ([K'|X|K'|) matrix Sg,., a vector U, in #'*"! and a
(K'| X |K|) matrix Ry, such that Xx=35, p'¥*=0 and the following
conditions are satisfied:

(a) The matrix Sy, is symmetric, negative semi-definite of rank
(IK'|—1) and satisfies Py Sgx = Sxx Px=0; the vector D, satisfies
DaiUg = 1.

(b) The matrix Ry, satisfies pk Ry, = —p.
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Consider the matrix

SK’K’ 0 _171(1 RK/
0O 0 o I
E= it _pt |
Ok 0 by bk
Ry I —by By

where the scalar b,,, the vector b, and the matrix B, are chosen in a way to

be specified shortly. Since py Sy =0 while Pk .0, =1, by & [Sgx ).
Consequently, the matrix

e Sexr —Tg
oL, 0

has full rank, (| K’|+ 1). By elementary column and row operations it is
easy to see that the matrix E is similar to the matrix

o[ 1]

and, hence, is of full rank. Let E~' be the inverse matrix: By symmetry, E~'
can be written as follows:

[ Ui Ui —qe die - di]
((7;; x) (7;21( —dqx df( e di{
—qk —qx  Coo cx

(dx) (g

@) (dx) 4
Since the product EE~'=1, the identity matrix, the following conditions
must be satisfied:

(1) dit,=0, h=k,...,I; d" =e"**1 the (h —k + 1)st unit vector in
RE h=k,..,L

(2) Cg=0.

Since the matrix Sy . is singular, the cofactor of b,, is zero and hence
Coo = 0. Similarly, all the elements of by have cofactors equal to zero, since
the minor obtained by deleting the row and the column intersecting at an
element of b, contains a zero row (or a zero column).

Since EE~'=1, ¢y,=0 and ¢x=0, g5 Sxx =0 and g% 0, = 1. Since
[Sxx )" =[Px')s qx =apg,, for some a € #. Since g7 =1= p. 0y,
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gy = Px- Furthermore, since —q% Ry —q% =0, ¢\ =-pL Ry =p, by
assumption. The matrix E~! can now be written as follows:

Uik Ugx —Pxr O
Ui Ugx —px 1
—px: Pk 0 0

0 I 0 o0

It can now be shown that, given any 7, € P’i , by appropriately choosing By
we can guarantee that the matrix .

7 1"
T — Uik Uik
- 7" U//
KK’ KK

is negative definite on the orthogonal complement of the vector (7%, 7%),
[(p% ., mi)]" Consider the matrices

Uix: Ugx O apx Py @Px g O
M= | U Ui 1|, N=| angpy angni 0|,
0 I 0 0 0 0
Sk —Dg0x 0 Ry — g, by P, 0 P,
P= 0 0 I =10 0 I,
R, —bytt, I Bg—byby P, I P
0 0 apg (Px — )"
0= a(px—mx) vk 0 a(Byx—mg) by + ang(Px —7g)" |
0 0 0

and observe that for a = (byy— 1), (M + N)P =1+ Q. Furthermore, since
vy & [Sg ], the matrix P, is negative definite. Let Y be the set of vectors
defined by Y= {(yy, ¥, y3)) E R K |y =2, — Pyys — Pyyy, 2, € (515
(71, 3)#0}. For y=(y;, 02, 73) €Y, a=(by—1), bg=0, Bx=07I,
yP(M+N)Py = ¥ Py, — NIy, — 2a50x—DPx) 0y, +
ay'(nx — Pi)(x — Px)'v5. Consequently, there exists 6 >0 such that, for
8>6, By=0I, by=0, a=(by— 1), y'P(M+N)Py<O0 for all yeY.
Consider the set ¥ of vectors defined by

Y={(F;, 7y» 7y) €X' 5, € [73]5 (F1s 72) # 0},
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and observe that, given 7 € Y there exists a unique y € Y such that j = Py:
Explicitly,

(Y15 ¥ y3)=(P1_l(J72_P2372)a J3—=P3y;—Piy,; 7))

But then, j'(M + N)7 <0 for all € Y. Equivalently, the matrix M is
negative definite on the set Y* = YN [y, mx, 0] But this is equivalent to
the negative definiteness of U” on [ pg., n,]": for given (y,, y,) € [Px» )"
we can find y; such that y = (y,,»,, y;) € Y*, and, furthermore, y'My =
(4, 90 U”(;;). To complete the argument to the effect that Proposition (2)
gives a set of not only necessary but also infinitesimally sufficient conditions,
it suffices to construct an agent (u, w), satisfying Assumptions (1) and (2),
and such that D*u(¥*) = U”, Du(z*)' = (p%., n%), and (¥ + w) € X. But this
is evident

Remark. To satisfy the system of equations (1) I have set A=1.
Furthermore, since the vector 7, was chosen arbitrarily, no contradiction
can arise concerning the sign of the multipliers u,, # € K, when the equality
constraints in (1) are replaced by the corresponding inequalities.

Remark. In the proof, by, was left unspecified. By setting by, =1 (and
hence a =0) we see that M + N =M. But then, for by, =1, by =0, B, =1
the matrix M is negative definite on Y. Equivalently the matrix U” is
negative definite.

We have thus demonstrated the following:

PROPOSITION 3. Let X be a vector in #'*', § a vector in ', p a
vector in #'F', Sy a (K'| X |K'|) matrix, T, a vector in #'*'' and Ry, a
(IK'| X |K|) matrix, such that Xk =35, p'x® =0 and the following conditions
are satisfied:

(1) §£,K, is symmetric, negative semi-definite of rank ((K'|— 1) and

P Sk =Sk Pxr=0;

2) phitg =1;

(3) ﬁ;{’RK’ = _ﬁﬁf
Then there exists an agent (u, w) satisfying Assumptions 1 and 2 whose
constrained excess demand function x*(p, s) satisfies the following:

(a) xK(p_, §) :fK;

(b) D, xK(5,8)=Sgx — Dx/FE),

() Dyxg(D,5) =Ry

The following corollary follows immediately:
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B={x€)(|p’x =O}

WALRASIAN
DEMAND POINT

2

Fi1G. 1. The path (on B) to w* is locally arbitrary.

COROLLARY 1. The only restrictions imposed by Assumptions 1 and 2 on
the spill-over matrix Ry, is the adding up restriction—pi Ry, = —pk.

It was argued in the introduction that the indeterminacy of the spill-over
matrix Ry, results from the lack of restrictions on the off-diagonal elements
of the Hessian matrix D?u. I now want to pursue this line of reasoning for
the purpose of determining the type of properties that, if satisfied by the
Hessian matrix, have observable (qualitative) implications for the spill-over
matrix. For simplicity I shall consider the case of three commodities,
h=0, 1,2, and in particular the state of the market in which the consumer is
constrained in the market for good 2, K= {2} and unconstrained in the
markets for goods 0 and 1, K’ = {0, 1}.

By the definition of the matrices 4 and 4%,

R Dt + Dygout + by py. =0, )

which can be written in terms of partial derivatives as follows: for all »' € K’
and 7 €K,

8x,,,, o*u o*u
b ,=0. 5
niek' OSy ax,,,,ax,,, + ashax;, + 0, D ( )




CONSTRAINED EXCESS DEMAND FUNCTIONS 335

In the special case I am here considering, we get

ou ox, O dx, O X

-87(2, 0s, 0x,0x, 0s, 0x,0s - ~3s_2

’u ox, Ouodx, u _ oA*
ox,0%, Os, | ox 05, ' ox, b5, o5,V

Po>
(")

Multiplying both sides of the first equation by du/dx, and of the second
equation by ou/dx,, and subtracting the second equation from the first we
get that

0x, do,,, Ox; 00, , 800,1=

0, 6
0s, 0x, 05, Ox, 0s, ©

where g, , is the marginal rate of substitution between goods 0 and 1, or
(Ou/ox,)/(0u/ox,). Equation (6) is precisely the equation we want. The spill
over matrix is now the vector (0x,/ds,, 0x,/0s,). Qualitative restrictions on
the spill over effects can be derived by restricting the term da,, ,/ds,, which
captures the effects of a change in the consumption of good 2 on the
marginal rate of substitution between goods 0 and 1.

3. EXTENSIONS: CONSTRAINED PRODUCTION DECISIONS

The results which I derived in the previous section can be immediately
extended to the theory of production decisions. Here I shall only sketch the
argument.'’

The production plan of a producer is denoted by ye& #'t'—a
commodity, A, is an output (resp. an input) if y, > O (resp. if y, < 0). The
production possibilities of the firm are described by a function f: a plan y is
feasible if and only if f() < 0. Given a price system p the firm chooses y so
as to maximize 7 = p’y subject to the quantity constraints y, =s,, for h € K.
Since the problem degenerates if the firm is constrained in all markets, I
shall assume that K = {k,..., [} for some k > 1. The interpretation here of the
Oth commodity is, of course, different from its interpretation in the theory of
consumption. I shall assume that the function f is twice continuously
differentiable, and strictly increasing, f(0)=0, the production set
{»1f(»)<0} is convex, and the hypersurface {y|0=f(y), y,=5,,
h=k,.., I} has nowhere vanishing Gaussian curvature. The first order

"' Here 1 follow, more or less, the analogous sketch in the Appendix in Laroque (1976).



336 HERAKLIS M. POLEMARCHAKIS

necessary énd sufficient conditions for a constrained maximum then becomes
Px: — A Dy f(y*) =0,
Px —A*Dg f(y*) —u* =0,
f(y*) =0,

yE=s,

(6)

for some A*, u¥, h € K. To determine the Jacobian of the function y*(p, s)
we totally differentiate (4):

A*Diwgif AM*Dgwf Dy f 0 dy: dpx.

MDiwf A*Dixf Dyf I dyk _ dpx

(D) @Df) 0 offdx — 0
0 I 0 0 du* ds

Setting

A*Dyf W*Diif Dyf
MDixf A*Dicf Dyf
Oef)  Oxf) 0

0 I 0

O o N O

we see that the function y*(p,s) is completely described locally by the
matrix

Sk 0 v® Ry,

. 0 0 O 1
47 = t t
vk, 0 b by

R, I by B,

The matrix Ry, is—as in the problem of the consumer—the spill-over matrix.
The analogue of Propositions 1, 2, and 3 and of Corollary 1 can now be
easily derived.
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